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mHz GW Science Goals

• Understanding the formation history of  the Universe

• Measure massive black hole masses and spins to constrain 
formation/growth models

• Confronting GR with measurement

• Detecting EMRIs = measuring the BHs metric.

• Does NR correctly predict the strong-field
dynamics of  BH-BH mergers?

• Other (WDs, Additional polarization modes, ...)

• Opening unexplored Discovery space

• GW themselves!

• Stochastic background

• Cosmic strings

• etc...

Galactic Binaries

Fiducial Systems:  0.5-0.5         White Dwarf Binary
                     10-10          Stellar BH Binary

       SNR = 7  Threshold
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How do detector 
characteristics impact 

Science?
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Massive Black Hole Mergers



log h

log f

DL
MT

Science:  Massive Black Hole Mergers
!"!#$%Measurements of BH mass and spin will be important for 
understanding the significance of mergers in the building of galaxies.%



Science:  Massive Black Hole Mergers

X

Y Z
LISA

Arm length 
(km) 5 x 106

Displacement
(m Hz-1/2) 8 x 10-12

Acceleration
(m/s2 Hz-1/2) 3 x 10-15

!"!#$%Measurements of BH mass and spin will be important for 
understanding the significance of mergers in the building of galaxies.%

*Review of LISA’s capabilities
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Science:  Massive Black Hole Mergers
!"!#$%Measurements of BH mass and spin will be important for 
understanding the significance of mergers in the building of galaxies.%
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Science:  Massive Black Hole Mergers
!"!#$%Measurements of BH mass and spin will be important for 
understanding the significance of mergers in the building of galaxies.%

LISA Minimum MBH
Sensitivity

Arm length 
(km) 5 x 106 5 x 104

Displacement
(m Hz-1/2) 8 x 10-12 8 x 10-11

Acceleration
(m/s2 Hz-1/2) 3 x 10-15 3 x 10-14

*Relax each of the key requirements
to locate the minimum BH science
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LISA Minimum MBH
Sensitivity

Arm length 
(km) 5 x 106 5 x 104

Displacement
(m Hz-1/2) 8 x 10-12 8 x 10-11

Acceleration
(m/s2 Hz-1/2) 3 x 10-15 3 x 10-14

MBH Rates
(yr-1) 40/20 5/5

*Span of possible event rates
Quoted results are for (small/large) seeds

Science:  Massive Black Hole Mergers
!"!#$%Measurements of BH mass and spin will be important for 
understanding the significance of mergers in the building of galaxies.%



Extreme Mass Ratio In-spirals
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Science:  Extreme Mass Ratio Inspirals
!"!#$%Detections of signals from EMRIs would provide exquisitely precise 
tests of Einstein’s theory of gravity.%
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LISA Minimum MBH
Sensitivity

Arm length 
(km) 5 x 106 5 x 104

Displacement
(m Hz-1/2) 8 x 10-12 8 x 10-11

Acceleration
(m/s2 Hz-1/2) 3 x 10-15 3 x 10-14

MBH Rates
(yr-1) 40/20 5/5
EMRI

Detections 300 0

Science:  Extreme Mass Ratio Inspirals
!"!#$%Detections of signals from EMRIs would provide exquisitely precise 
tests of Einstein’s theory of gravity.%

-EMRI rates are very uncertain -- Factors of 10x are in play.
-# of detections assumes 2-year integration time.



-EMRI rates are very uncertain -- Factors of 10x are in play.
   *Individual results may vary.
-# of detections assumes 2-year integration time.

LISA Minimum MBH
Sensitivity

Minimum EMRI 
Sensitivity

Arm length 
(km) 5 x 106 5 x 104 1 x 106

Displacement
(m Hz-1/2) 8 x 10-12 8 x 10-11 8 x 10-12

Acceleration
(m/s2 Hz-1/2) 3 x 10-15 3 x 10-14 3 x 10-15

MBH Rates
(yr-1) 40/20 5/5
EMRI

Detections 300 0

Science:  Extreme Mass Ratio Inspirals
!"!#$%Detections of signals from EMRIs would provide exquisitely precise 
tests of Einstein’s theory of gravity.%
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Science:  Extreme Mass Ratio Inspirals
!"!#$%Detections of signals from EMRIs would provide exquisitely precise 
tests of Einstein’s theory of gravity.%
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*Shrinking LISA by 5x puts us right on the 
edge of delivering EMRI science. 

LISA Minimum MBH
Sensitivity

Minimum EMRI 
Sensitivity

Arm length 
(km) 5 x 106 5 x 104 1 x 106

Displacement
(m Hz-1/2) 8 x 10-12 8 x 10-11 8 x 10-12

Acceleration
(m/s2 Hz-1/2) 3 x 10-15 3 x 10-14 3 x 10-15

MBH Rates
(yr-1) 40/20 5/5 20/20
EMRI

Detections 300 0 10

Science:  Extreme Mass Ratio Inspirals
!"!#$%Detections of signals from EMRIs would provide exquisitely precise 
tests of Einstein’s theory of gravity.%



Galactic Binaries

Fiducial Systems:  0.5-0.5         White Dwarf Binary
                     10-10          Stellar BH Binary

       SNR = 7  Threshold
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Galactic Binaries



Science:  Galactic Binaries

LISA Minimum MBH
Sensitivity

Minimum EMRI 
Sensitivity

Arm length 
(km) 5 x 106 5 x 104 1 x 106

Displacement
(m Hz-1/2) 8 x 10-12 8 x 10-11 8 x 10-12

Acceleration
(m/s2 Hz-1/2) 3 x 10-15 3 x 10-14 3 x 10-15

MBH Rates
(yr-1) 40/20 5/5 20/20
EMRI

Detections 300 0 10
WDWD

Detections 2 x 104 (10) 20 (0) 1 x 104 (8)
*Estimates for 2-year integration times.
 Number of verification binaries in parentheses

Unique probe of galactic astronomy & stellar evolution.
Multimessenger astronomy -- long term tests of GR. 



Parameter Estimation:
Quantity and Quality



minimize :
�

(d−R� ∗ h�)2
guess : θ� →

�
Ω, M, �S, �L, tref , φref

�

d = R ∗ h + n

Parameter Estimation:  
Wringing Science from GW detections.

Instrument 
Response

Gravitational 
Wave

Data Noise

R→ R(t;�k, Ω, ψ) h→ h(t;M, �S, �L)

Sky-locationLine of sight Polarization Spins OrientationMasses



Parameter Estimation:  
Orbits & R

R→ R(t;�k, Ω, ψ)
2

tial TDI scheme caused by the rotation of the array [19],
time dependence of the arm-lengths [20], and prob-
lems with clock synchronization in a moving array [21].
These difficulties require modification of the TDI vari-
ables [19, 20, 22] and/or changes in the mission design.

On the other hand, a highly realistic end-to-end sim-
ulation necessarily consumes a great deal of computer
resources, and delivers a fidelity that exceeds the re-
quirements of many data analysis efforts. Indeed, when
searching a large parameter space, fidelity must be sac-
rificed in favor of speed. To this end we have developed
an approximation to the full LISA response that extends
the low frequency approximation by two decades. The
motion of the array is stroboscopically rendered into a
sequence of stationary states, yielding an adiabatic ap-
proximation to the full response. The adiabatic approxi-
mation allows us to write down a simple analytic expres-
sion for the response function in a mixed time/frequency
representation. For sources with a few dominant harmon-
ics, such as low eccentricity, low spin binary systems at
second post-Newtonian oder, the adiabatic approxima-
tion provides a fast and accurate method for calculating
the LISA response.

The outline of this paper is as follows: In Sec. II we de-
scribe the orbits of the interferometer constellation and
describe how various effects enter into the detector re-
sponse. In Sec. III we review the expression for the com-
plete response of a space-borne detector. (An alternative
derivation of the full response is given in Appendix B).
In Sec. IV we show some applications of the general for-
malism using The LISA Simulator. In Sec. V we explore
the limitations of the low frequency approximation, and
in Sec. VI we introduce the adiabatic approximation and
demonstrate its utility. We finish with an application, us-
ing the adiabatic approximation to determine when LISA
can detect the time evolution of a binary system. We
work in natural units with G = c = h = 1, but report all
frequencies in Hertz.

II. SPACE-BORNE DETECTORS

A. Orbital effects

The current design of the LISA mission calls for three
identical spacecraft flying in an equilateral triangular for-
mation about the Sun. The center of mass for the con-
stellation, known as the guiding center, is in a circular
orbit at 1 AU and 20◦ behind the Earth. In addition to
the guiding center motion, the formation will cartwheel
in a retrograde motion with a one year period (see Fig.
1). The detector motion introduces amplitude (AM), fre-
quency (FM), and phase modulations (PM) into the grav-
itational wave signals [13, 17]. The amplitude modula-
tion is caused by the antenna pattern being swept across
the sky. The phase modulation occurs when the differ-
ing responses to the two gravitational wave polarizations
are combined together. The frequency (Doppler) mod-

Sun

Earth

LISA

20◦

FIG. 1: The LISA mission configuration. The dashed line
represents the orbit of the guiding center, which has a radius
of 1 AU.

ulation is due to the motion of the detector relative to
the source. Since both the orbital and cartwheel motion
have a period of one year, these modulations will show
up as sidebands in the power spectrum separated from
the instantaneous carrier frequency by integer values of
the modulation frequency, fm = 1/yr.

To describe the coordinates of the detector we work in
a heliocentric, ecliptic coordinate system. In this system
the Sun is placed at the origin, the x-axis points in the
direction of the vernal equinox, the z-axis is parallel to
the orbital angular momentum vector of the Earth, and
the y-axis is placed in the ecliptic to complete the right
handed coordinate system. Ignoring the influence from
other solar system bodies, the individual LISA spacecraft
will follow independent Keplerian orbits. The triangular
formation comes about through the judicious selection of
initial conditions. In Appendix A we derive the space-
craft positions as a function of time. To second order in
the eccentricity, the Cartesian coordinates of the space-
craft are given by

x(t) = R cos(α) +
1

2
eR

(
cos(2α − β) − 3 cos(β)

)

+
1

8
e2R

(
3 cos(3α − 2β) − 10 cos(α)

−5 cos(α − 2β)
)

y(t) = R sin(α) +
1

2
eR

(
sin(2α − β) − 3 sin(β)

)

+
1

8
e2R

(
3 sin(3α − 2β) − 10 sin(α)

+5 sin(α − 2β)
)

z(t) = −
√

3eR cos(α − β)

+
√

3e2R
(

cos2(α − β) + 2 sin2(α − β)
)

. (1)

In the above R = 1 AU is the radial distance to the
guiding center, e is the eccentricity, α = 2πfmt+κ is the
orbital phase of the guiding center, and β = 2πn/3 + λ
(n = 0, 1, 2) is the relative phase of the spacecraft within
the constellation. The parameters κ and λ give the initial
ecliptic longitude and orientation of the constellation.



Parameter Estimation:  
Orbits & R

R→ R(t;�k, Ω, ψ)

Doppler Modulation:
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Doppler Modulation:

Amplitude (and Polarization)
Modulation:



Parameter Estimation:  
Orbits & R

R→ R(t;�k, Ω, ψ)

Doppler Modulation:

Arm-length:

log h

log f

Amplitude (and Polarization)
Modulation:



Doppler Modulation:

Parameter Estimation:  
Orbits & R

R→ R(t;�k, Ω, ψ)

Arm-length:

Mission lifetime: SNREMRI,GB ∝
�

Tobs

NBH = rateBH × Tobs

Amplitude (and Polarization)
Modulation:



Parameter Estimation:  
4 vs. 6 links
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-factor of <2 in SNR
-factor of ~10 in distance determination.
-factor of ~100 in angular resolution!
-mass & spin errors change by < 10x
  -and they’re already really precise.

For MBH mergers, lose: R→ R(t;�k, Ω, ψ)
h→ h(t;M, �S, �L)



In Summary:
• To do NWNH science, we have some margin around the original LISA design.

• But it doesn’t take much to ruin the sensitivity curve -- factors of  a few equate to orders of  magnitude 
degradation in science.

• MBH mergers have the most wiggle room

• Keep the arms w/in a factor of  10ish, and the noise performance w/in a factor of  a few-ish.

• Precision measurement of  Mass & Spin come with good SNR.

• Mass and Spin distributions go a long way toward constraining MBH formation scenarios (z>few).

• But, simultaneously measuring both polarizations is critical for:

• Sky-localization (optical counterparts)

• Distance determination (optical counterparts + better constraints on formation scenarios)

• EMRI detection rates are highly uncertain.  Consequently there is less margin for the detectors.

• But, if  you can detect an EMRI, you can precisely measure its parameters.

• Galactic Binary science for “free.”
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mHz Gravitational Wave Astronomy
Supermassive Black Hole Mergers:

• Large-scale structure formation requires 
major mergers between galaxies.

• Supermassive black holes at the cores of  
merging galaxies dynamically sink to the center.

• Once close enough, the emission of  GW drives 
the black holes to merge.

• Ridiculously energetic:  
1056 erg/s (c.f., 1043 erg/s for Sn Ia)!



mHz Gravitational Wave Astronomy
Extreme Mass Ratio In-spirals (EMRIs)

• Compact objects which form near SMBHs can be scattered into capture orbits.

• The compact object makes numerous orbits before plunging into the central BH.

• The orbit of  the compact object provides a detailed trace of  the space-time 
around the central black hole.

Credit: S. Drasco  
<http://www.tapir.caltech.edu/~sdrasco/animations/index.html>

http://www.tapir.caltech.edu/~sdrasco/animations/index.html
http://www.tapir.caltech.edu/~sdrasco/animations/index.html


mHz Gravitational Wave Astronomy

• Around 30 known mass transferring systems 
(of  which AM CVn is the archetype).

• A handful of  detached white dwarf  binaries 
from SDSS

• ~60 million of  their friends, waiting to be 
discovered

From Israel et al (2002)

RX J0806.3+1527

AM CVn

White Dwarf  Binaries
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Science:  Extreme Mass Ratio Inspirals
!"!#$%Detections of signals from EMRIs would provide exquisitely precise 
tests of Einstein’s theory of gravity.%
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Parameter Estimation:  
Keep going, theorists!

σ2PN
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